Porous materials are used in many vibro-acoustic applications. Different models describe their performance according to material's intrinsic characteristics. In this paper, an evaluation of the effect of the porous and geometrical parameters of a liner on the acoustic power attenuation of an axisymmetric lined duct was performed using multimodal scattering matrix. The studied liner is composed by a porous material covered by a perforated plate. Empirical and phenomenal models are used to calculate the acoustic impedance of the studied liner. The later is used as an input to evaluate the duct attenuation. By varying the values of each parameter, its influence is observed, discussed and deduced.
Introduction
Duct systems are used in buildings, transport vehicles etc. These systems are considered as wave-guides in which sound propagates as presented in (Taktak et al., 2012) . To assure the acoustic comfort in these systems, the sound must be reduced to meet the regulations. One of used techniques to achieve this objective is the use of porous materials. These materials are generally characterized by their acoustic impedance, Z, which is a function of porous (the flow resistivity, the tortuosity, the porosity, etc.) and geometric (thickness) parameters. The acoustic impedance is then used to model these materials. It can be used as an input to predict the acoustic propagation and radiation in and from duct systems.
Several models have been proposed to estimate the acoustic impedance of porous materials. The majority of them are semi-empirical models. Zwikker and Kösten (1949) were among the first to develop an empirical model to compute this parameter. Thereafter, other models have been elaborated such as Delany and Bazley (1970), Miki (1990) and Hamet and Berengier (1993) . Another approach was proposed by Biot (1956) based on phenomenological models.
Later, these models were improved by Johnson et al. (1987) , Attenborough (1987) , Allard (1993) and Lafarge et al. (1997) in a way to have more reliability by introducing new acoustic parameters or changing the formulation.
In duct systems, these porous materials are used with a perforated plate to support these materials and allow the penetration of the sound wave into the material. These two components constitute the acoustic liner. The perforated plate is also characterized by its acoustic impedance. Several models exist for modelling the acoustic impedance such as those presented by Hersh and Walker (1977) , Guess (1975) , Hubbard (1995) , Rao and Munjal (1986) and Elnady (2004) .
To estimate the acoustic efficiency of the liner, several quantities can be used, e.g. the Insertion Loss (IL) as presented in (Lapka, 2009 ). The acoustic power attenuation, which presents the ratio between the total acoustical power of incident and transmitted waves, is also an energetic parameter used to evaluate the acoustic efficiency of duct systems. This quantity is computed from the multimodal scattering matrix as presented by Taktak et al. (2008; 2013) .
In a previous work (Benjdida et al., 2014) , the thermal effect on the acoustic performance of an ax-isymmetric lined duct with a porous material was studied. This study showed that this parameter has a little influence on the acoustic attenuation of a lined duct. In this paper, the effect of porous and geometric proprieties of a liner composed of a porous material and a perforated plate on the acoustic performance of a duct element is investigated. This investigation is based on the computation of the acoustic power attenuation of a duct using the multimodal scattering matrix computed numerically. By varying the values of these parameters their effects can be studied. The outline of the paper is as follows: in Sec. 2, the multimodal scattering matrix computation method is presented, Sec. 3 presents the estimation of the acoustic impedance of the liner composed by a porous material and a perforated plate, Sec. 4 details the acoustic power attenuation computation, finally, numerical results are presented and discussed in Sec. 5.
Multimodal scattering matrix computation
In this section, an overview of the multimodal scattering matrix computation, developed by Taktak The studied case is a rigid-lined-rigid cylindrical duct located between the two axial coordinates z L and z R as shown in Fig. 1 . The used acoustic liner consists of a perforated plate and absorbing porous material backed by a rigid plate as shown in Fig. 2 . This liner can be described by its acoustic impedance Z. The studied duct element is characterized by its multimodal scattering matrix relating the out-coming modal pressure waves array:
to the incoming modal pressure waves array:
as follows
where m and n are the circumferential and radial wave numbers respectively, N is the number of propagating modes in both cross sections, P and Q are the circumferential and radial wave numbers respectively associated to the N -th propagating mode (m ≤ P and n ≤ Q). R I mn,pq is the reflection coefficient of the wave incident to the element from the side I, T II →I mn,pq is the transmission coefficient of the wave from side II to side I, R II mn,pq is the reflection coefficient of the wave incident to the element from the side II and T I→II mn,pq is the transmission coefficient of the wave from side I to side II.
The acoustical pressure p in the duct is the solution of the following system:
where k is the wave number, Ω is the acoustic domain inside the duct, Γ WD and Γ LD corresponds to the rigid and lined walls respectively, n W and n L are the normal vectors of these walls, and Z is the normalized acoustic impedance.
To solve the system of Eqs. (4) the Finite Element Method is used. The corresponding weak variational formulation can be written as:
where q is the test function, dΩ and dΓ i are the integration elements through the duct domain and boundaries respectively, and ∪Γ i presents the whole boundary. The last integral of this formulation is given by the following expression by adding the modal incoming and out coming pressures as additional degrees of freedom to the model:
where J m is the Bessel function of the first kind of order m. χ mn is the n-th root satisfying the radial hard-wall boundary condition on the wall of the main duct (J ′ (χ mn /a) = 0) with a is the duct radius; r is the radial coordinate; Γ L and Γ R correspond respectively to the left and right boundaries, n L and n R are their corresponding normal vectors.
For a fixed m, the system (5) results in the following matrix system by taking into account boundary conditions
where M is the node number in the domain Ω. K is a matrix relating the test function to the nodal pressures in the domain; E 1 , E 2 , F 1 and F 2 are matrices relating the test function to the modal pressures on Γ L and Γ R ; G 1 , G 2 and G 3 are matrices relating the nodal acoustic pressures in Ω to different modal pressures on the boundary Γ L ; H 1 , H 2 and H 3 are matrices relating the nodal acoustic pressures to different modal pressures on the boundary Γ R . From this matrix system the multimodal scattering matrix is deduced.
Modelling of the liner
It is important to accurately model the acoustic impedance of the liner which is used in the computation of the multimodal scattering matrix. One model for the porous material and another one for the perforated plate are used. The following models are chosen: 1. The Lafarge-Allard model, presented by (Allard, 1993) and (Lafarge et al., 1997) , is used to estimate the acoustic impedance for porous materials. This model uses 6 porous parameters (flow resistivity σ, porosity ϕ, turtousity α ∞ , thermal permeability k 
with
where Z c and k c are the surface characteristic impedance and propagation constant respectively, and d m is the material depth. The values of Z c and k c are estimated by the Lafarge-Allard model as detailed in the following section.
Porous material acoustic impedance model: the Lafarge-Allard model
This model expresses respectively the dynamic compressibility K LA and the effective density ρ of the fluid saturating the porous medium rigid structure as presented by Allard (1993) and Lafarge et al. (1997) as follows:
The characteristic impedance Z c and the propagation constant k c are then expressed as follows:
where α ∞ and ϕ are the material tortuosity and porosity respectively, σ is the material flow resistivity, ρ 0 is the air density, ω is the angular frequency (ω = 2πf ) with f is the frequency, γ is the ratio of specific heats at respectively constant pressures C p and volumes C v defined as follows:
N pr is the Prandtl number, η is the dynamic viscosity, Λ and Λ ′ are the viscous and thermal characteristic lengths respectively, P is the atmospheric pressure, and k ′ 0 is the thermal permeability.
Modelling of the perforated plate
The used acoustic impedance model of Elnady (2004) for the perforated plate is expressed as follows
where C D is the discharge coefficient, d p is the pore diameter, t is the plate thickness, σ p is plate porosity, δ re and δ im are correction coefficients:
where ν is the kinematic viscosity and
µ is the dynamic viscosity and ρ is the material density.
Acoustical power attenuation
The acoustical power attenuation W att of a duct is the ratio between the total acoustical power of incident waves W in and the total acoustical power of transmitted waves W out . This attenuation is calculated from the scattering matrix as developed by Aurégan and Starobinski (1999):
These total energies can be written in the following form:
where
where N mn is the normalization factor
associated to the mode (mn), S = πa 2 is the crosssection area, k mn = k 2 − (χ mn /a) 2 is the axial wave number of mode (m, n) in the main duct χ mn is the n-th root of the first derivate of J m where J m is the Bessel function of the first kind of order m. Finally, the acoustical attenuation of the lined duct in dB is written as:
where λ i are the eigenvalues of the matrix H and
with H is defined as:
This matrix can be expressed as:
where U and Λ are the matrices of eigenvectors and eigen values of H.
Numerical results
The studied duct element is a 1 m duct composed of a 0.1 m rigid duct, 0.8 m lined duct and 0.1 m lined duct. The radius of this duct a is 0.075 m. The liner is composed of absorbing porous material and a perforated plate as shown in Fig. 2 . The characteristics of the propagation medium (the air), the porous material and the perforated plate are listed in Table 1 . The used porous material is the industrial material "Acusticell" from Sagartzazu and Hervella (2008). The studied frequency range is ka =[0-3.8] where 3 modes are propagating (ka is the non-dimensional wave number ka = (2πf /c 0 ).a). Figure 3 shows the acoustic power attenuations of the duct versus ka computed using the Delany-Bazley, Hamet-Berengier and Lafarge-Allard porous material models respectively. This Figure shows that the three porous material models give close results and the variation of the attenuation is almost the same for all three models. The difference between these results does not exceed 2 dB. This confirms the conclusion presented in Sagartzazu and Hervella (2008) and shows the similitude in acoustic impedance models for porous materials. The acoustic behavior of the duct element can be described as follows:
The acoustic power attenuation increases when ka increases but there are drops at the mode cut -on frequencies. The maximum of acoustic power attenuation is observed in the final point, the value of this maximum varies for each model (Delany-Bazelay: 12.2 dB, Hamet-Berengier: 12 dB and for LafargeAllard: 11.1 dB).
As mentioned in Sec. 3, Lafarge-Allard model is the only model used to estimate the acoustic impedance of porous material for evaluating the effects of the liner characteristics. These effects are studied by varying one of the parameters at a time and leaving the others fixed. Figure 4 shows the effect of the diameter of the perforated plate on the acoustic power attenuation when varying this parameter from 0.1 mm to 10 mm. This Figure demonstrates that this parameter has an important effect. It is observed that the attenuation shows a peak with a maximum attenuation for perforation diameters 10 mm, 5 mm and 1 mm. The form of the attenuation curves changes when the perforation diameter is equal to 0.1 mm. Figure 4 shows that when the perforation diameter decreases, the acoustic Fig. 4 . Effect of the diameter dp [mm] of the perforated plate on the acoustic power attenuation of the lined duct element.
Plate characteristics effects

Effect of the diameter of the perforated plate
power attenuation increases. The maximum attenuation changes from 9.1 dB for d = 10 mm to 11 dB for d = 5 mm and to 16.3 dB for d = 1 mm. Moreover, it is observed that the frequency of this maximum increases when the perforation diameter decreases. It changes from ka = 0.6 for d = 10 mm to ka = 1 for d = 5 mm and to ka = 1.8 for d = 1 mm. Figure 5 shows the effect of the porosity of the perforated plate on the acoustic power attenuation when varying this parameter from 0.1% to 100%. Moreover, this Figure shows that this parameter is influent. By increasing the plate porosity, the acoustic power attenuation curve form changes and its value increases. The acoustic power attenuation presents a peak that the maximum and the corresponding frequency increase when the plate porosity increases (ka = 0.3 and W att max = 9.8 dB for σ t = 0.1%, ka = 1 and W att max = 14.5 dB for σ t = 1%, ka = 2.9 and W att max = 17 dB for σt = 5%, ka = 3.8 and W att max = 18 dB for σ t = 10%). The acoustic behavior of the liner changes for σ t = 100% which represents a liner without perforated plate. Figure 6 presents the effect of the thickness of the perforated plate on the acoustic power attenuation when varying this parameter from 0.5 mm to 8 mm. The decrease of the plate thickness generates an increase of the acoustic power attenuation and the shift of the maximum of attenuation to higher frequencies (ka = 0.5 for t = 8 mm, ka = 1.05 for t = 4 mm, ka = 1.4 for t = 2 mm, ka = 1.8 for t = 1 mm and 2.4 for t = 0.5 mm). For t ≤ 0.5 mm the peak of at- tenuation decreases. This Figure shows that the plate thickness is an influent parameter. Figure 7 presents the effect of the flow resistivity on the acoustic power attenuation. The effect of this parameter is evaluated by varying its value from 1000 N.m .s. The figure shows that the flow resistivity effect is important. It is observed that the variation of the flow resistivity does not influence only on the shape of the curve but also the amplitude of the acoustic attenuation which increases with the increase of the flow resistivity. The maximum of attenuation passes from 14.2 dB for σ p = 1000 N.m .s. The increase of the acoustic power attenuation is explained by the increase of the thermal and viscous dissipation into the material when the flow resistivity of the material increases. Figure 8 shows the effect of the depth of the porous material on the acoustic power attenuation by varying this parameter from 0.01 m to 0.08 m. This parameter is also influent and an increase of the thickness of the material sample generates an increase of the acoustic power attenuation (16.5 dB for d = 0.01 m to 18 dB for d = 0.08 m). Moreover, a shift of the maximum of attenuation frequency is observed: there is a decrease of this frequency when the material depth increases from ka = 2.6 for d = 0.01 m to ka = 1.5 for d = 0.08 m. The observed effect is explicated by the augmentation of the material volume that means the increase of contact surface between the acoustic wave and the material structure which increases the dissipation phenomena into the material. Figure 9 shows the effect of the porosity of the porous material on the acoustic power attenuation when varying the material porosity from 0.5 to 0.99. The Lafarge-Allard model predicts the increase of the acoustic power attenuation when this parameter increases. But it is observed that the variation of the acoustic power attenuation is not important and does not exceed 1 dB which permits to conclude that this parameter is not important compared with previous studied parameters. The porosity expresses the fluid Fig. 9 . Effect of the porosity ϕ of the porous material on the acoustic power attenuation of the lined duct element. volume. The increase of this parameter generates the increase of the air portion in the material and therefore the dissipation phenomena in the porous material. Figure 10 shows the effect of the tortuosity when varying from 1.3 to 2. Similar to the porosity, the effect of this parameter on the acoustic power attenuation is negligible with small variation. Figure 11 shows the effect of the thermal permeability of the porous material effect on the acoustic power attenuation when varying from 10 , especially in the high frequency range. Figure 12 shows the effect of viscous characteristic length (L CV ). When the value of this parameter decreases the acoustic power attenuation decreases except for L CV = 10 −5 m which presents the maximum of attenuation for a major part of curve. This param- 
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Conclusion
The effects of porous and geometric parameters of a liner composed of a porous material and a perforate plate are evaluated. This evaluation is based on the computation of the acoustic power attenuation deduced from the multimodal scattering matrix. The liner is characterized by a model for the perforated sheet and one for the porous material. The objective of this work is to identify the influent liner parameters. To achieve this, a parametric study was applied to a duct element. This study showed that the plate parameters have an important influence on the attenuation. Some porous material characteristics have also an important influence such as the porous material flow resistance and depth. There are also no influent parameters like porous material porosity, tortuosity and permeability and characteristics lengths These parameters must be taken into account in the design and manufacturing of the liner to get the optimum acoustic behavior and attenuate the acoustic wave in ducts systems
